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Ordering and short-time orientational diffusion in dipolar hard-spherical colloids
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Orientational hydrodynamic functions and short-time, self-orientational and collective orientational diffusion
coefficients of dipolar hard-spherical colloids are performed on a homogeneous isotropic phase, as functions of
the wave vectorq, for various values of the volume fraction and the dipolar strength of the macroparticles. The
calculation is based on the dynamic orientational structure factor, which is the time-dependent self-correlation
of the orientation density. We assume that the time evolution of the orientation density is given by the
Smoluchoswki’s equation, taking into account the hydrodynamic interactions as well as the dipolar interaction.
The former are considered assuming pairwise additivity. The importance of the dynamic orientational structure
factor is that its initial slope can be measured in a depolarized light scattering experiment. The results predict
a different behavior for dilute and for dense dipolar colloids. The ordering phenomena are studied via the
ordering coefficients, which are the orientational hydrodynamic functions atq50. The results show that as the
dipolar colloid evolves to the instability line, the translational ordering velocity increases while the rotational
one reduces. The short-time orientational diffusion coefficients atq50 are also performed. They predict that
near to the instability line, the dipolar colloid diffuses translationally more than rotationally. At very dilute
concentration the dipolar colloid presents an unexpected dynamical behavior, which seems to indicate that the
colloid could be evolving to a reentrant phase.
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I. INTRODUCTION

Collective relaxation of nonspherical colloids is not
well studied as that for spherical ones@1–4#. The importance
of the collective relaxation is that it plays a key role in r
laxation processes and also profoundly influences the
namic behavior in the phase transitions@5#. The fundamental
quantity to describe the collective relaxation is the dynam
structure factorF(q,t), whereq is the magnitude of the wav
vector. Our purpose in this paper is to describe the collec
translational rotational relaxation in dipolar hard-spheri
colloids on a homogeneous isotropic phase. In order to c
out this study, we use the approach given by Alarco´n-Waess,
Diaz-Herrera, and Gil-Villegas in a recent paper@6# ~hereaf-
ter referred to as I!. This approach is based on the position
orientational behavior of the static orientational structure f
tor, which is the static self-correlation of the orientation de
sity fluctuations.

In recent years the dipolar hard-spheres model has
tracted much attention, since besides the fact that dip
interactions are nearly omnipresent in molecular colloi
there are also several artificial systems where the dip
interaction plays a dominant role@7#. The most important are
the so-called ferrofluids, which are stable colloidal susp
sions, i.e., colloidal iron particles, in a carrier liquid. A cha
acteristic of the dipolar interaction is that it alone can bre
its symmetry and create a rich orientationally ordered col
dal suspension. At sufficiently low temperatures a dense
tem of dipolar hard spheres can spontaneously order in
ferroelectric state; however, for dilute systems the macro
ticles are found to associate into chainlike structures w
near contact of the hard spheres and head-to-tail alignme
1063-651X/2002/65~3!/031402~13!/$20.00 65 0314
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the dipole moments@8–11#. Occasionally, at low concentra
tion the colloid presents ring aggregates. In paper I, Alarc´n-
Waess, Diaz-Herrera, and Gil-Villegas predicted that for v
dilute concentrations the dipolar colloid does not evolve in
an orientationally ordered phase, as the dipolar strengt
increased. Nevertheless the richness of the dipolar collo
the effects of the collective translational rotational relaxat
into the pretransitional dynamical behavior have not be
studied much.

Up to now, the study of translational rotational dynamic
behavior of the dipolar fluids has considered the fluctuati
of the angular-dependent number density. Bagchi and Ch
dra have studied a dipolar liquid using an extended hydro
namic description, where the slow variable is the angu
dependent number density@12#. They found that the
orientational correlations slow down the collective orien
tional relaxation as compared to the single motion, which
important consequences in the pretransitional area nea
isotropic-ordered liquid crystal transition. To compute t
two-particle correlation function Bagchi and Chandra a
sumed that they are given by a linearized equilibrium theo
On the other hand, Herna´ndez-Contreraset al. have com-
puted the long-time self-diffusion coefficients, translation
and rotational, as a function of the volume fraction and
dipolar strength of the macroparticles@13#. Their study is
based on the generalized Langevin equation approach,
glecting the hydrodynamic interactions~HI!. In this case,
these authors consider as important variables the velocit
a dipolar macroparticle and the angular-dependent num
density. To compute the equilibrium pair correlation distrib
tion function, Herna´ndez-Contreraset al. used the mean
spherical approximation. The results obtained by these
©2002 The American Physical Society02-1
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O. ALARCÓN-WAESS AND E. DIAZ-HERRERA PHYSICAL REVIEW E65 031402
thors show that the dipolar interaction leads to a strong s
pression of both long-time self-diffusion coefficients, tran
lational and rotational, compared with the corresponding f
diffusion coefficient.

The main objective of this paper is to study the short-ti
dynamical behavior of a dipolar colloid as it evolves into t
instability line @8#. Following the approach given in paper
we will study the collective translational rotational relaxati
of the orientation density into the short-time dynamical b
havior of the dipolar hard-spherical colloids, on the homo
neous isotropic phase. As in paper I, the results are par
etrized in terms of the refractive index of the scatteri
mediumns;k. For simplicity, we parametrize the results b
taking ks545/2, wheres is the diameter of the colloida
particle.

In this paper, we focus our attention on the short-tim
self-diffusion and collective diffusion, and the orientation
hydrodynamic functions, translational as well as rotation
of a dipolar colloid. In Sec. II, we develop a hydrodynam
description for the dipolar colloid. We use as a slow varia
the orientation density. We assume that the dynamical be
ior of the orientation density is given by Smoluchowsk
equation, taking into account the HI and direct dipolar int
actions. Following the definition of the self-correlation of th
orientation density provided in paper I, we provide an e
pression for the dynamic orientational structure factor. T
importance of this quantity is that its initial slope is related
the short-time collective orientational diffusion coefficien
whose expressions are provided as a function ofqs. We also
provide expressions for the self-orientational diffusion co
ficients and for the orientational hydrodynamic function
translational as well as rotational, as functions ofqs. In Sec.
III, we give our model system and the details for obtaini
the angle-dependent pair correlation function using the
erence hypernetted chain equation approach~RHNC!. In Sec.
IV, we compute the orientational hydrodynamic functions
a function ofq(5” 0). Results for several values of the d
mensionless dipolar strenghtm* 2 and volume fractionf are
also provided. In Sec. V, we develop expressions for
short-time, collective orientational and self-orientational d
fusion coefficients, translational and rotational, as functio
of qÞ0. We also provide results for several values ofm* 2

and f of the dipolar colloids. In Sec. VI, we compute th
limit for very small wave vectors of the orientational hydr
dynamic functions and for the short-time orientational diff
sion coefficients. We interpretate the orientational hydro
namic functions atq50. The results for these quantities a
reported as a function ofm* 2 andf of the dipolar colloids.
Finally, in Sec. VII, the concluding remarks are given.

II. THEORETICAL APPROACH

According to paper I, we assume that the fundamen
quantity to describe the collective translational rotatio
time-dependent behavior of dipolar colloids is the dynam
orientational structure factorF(q,t). This quantity is the
Fourier transform of the self-correlation of the local orien
tion density fluctuations occurring at different times, sep
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rated by the intervalt. In particular,F(q,t) is able to de-
scribe short-time behavior. This domain is defined for timet
such thattB!t!t I , wheretB is the Brownian relaxation
time, which is the characteristic time for the relaxation of t
translational velocity of a colloidal particle, andt I is the
interaction time.t I is defined as the time for a macropartic
of translational diffusion coefficientDT

0 to diffuse the dis-
tances/2. The importance of this approach is that the init
slope ofF(q,t) can be probed in a depolarized light scatte
ing experiment, as a function ofq, for very dilute concentra-
tions @2#.

Our starting point is the time-dependent self-correlat
of the orientation density,F(q,t) @Eq. ~8! in paper I, evalu-
ated att5” 0#. The orientation density is defined by@5#

Q~q,t !5
1

AN
(

j

3

2 F ûj~ t !ûj~ t !2
1

3
I Geiq•r j (t), ~1!

whereûj (t) and r j (t) are the unit vector in the direction o
the dipole and the center of mass of thel th macroparticle,
respectively. In order to describe the time evolution
Q(q,t), we assume that the dynamic of the colloid on tim
scalest@tB is entirely described in terms of a distributio
function P(rN,VN;t) @14#, where rN5(r1 , . . . ,rN), VN

5(V1 , . . . ,VN), and V i denotes the polar angles th
specify the direction of thei th dipole. The equation of mo
tion of P(rN,VN;t) is the generalized Smoluchowski equ
tion @2#,

]P~rN,VN;t !

]t
5O~rN,VN!P~rN,VN;t !, ~2!

whereO(rN,VN) is the Smoluchowski operator, and its a
joint is given by@15#

Õ~rN,VN!5(
i j

H F ]

]r i
2bS ]F

]r i
D G•FDi j

TT
•

]

]r j
1Di j

TR
•L j G

1@L i2b~L iF!#•FDi j
RR
•L j1Di j

RT
•

]

]r j
G J , ~3!

whereL i is the angular gradiant operator,F5F(rN,VN) is
the potential energy of the colloid, andDi j

ab5Di j
ab(rN) are the

microscopic diffusion tensors (a,b5T,R means translationa
and rotational contributions, respectively!. Assuming pair-
wise additivity of the HI, valid for small volume fraction
@16#, we have

D11
aa5Da

0F I1(
j

$As
a~r 1 j ! r̂1 j r̂1 j1Bs

a~r 1 j !@ I2 r̂1 j r̂1 j #%G
~4!

and

Di j
aa5Da

0$Ac
a~r i j ! r̂ i j r̂ i j 1Bc

a~r i j !@ I2 r̂ i j r̂ i j #%, ~5!

where As
a , Bs

a and Ac
a , Bc

a are the self-mobility and
cross-mobility functions, respectively. The solvent appear
Eq. ~2! only through the~time-independent! diffusion tensors
2-2
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ORDERING AND SHORT-TIME ORIENTATIONAL . . . PHYSICAL REVIEW E 65 031402
Di j
ab . In Eqs.~4! and~5! Da

0 are the translational (a5T) and
rotational (a5R) diffusion coefficients, at infinite dilution.

Thus, the time development of the orientation density
given by

Q~q,t !5eÕtQ~q,0!. ~6!

In order to obtain a time-dependent expression forF(q,t)
in terms of the orientational diffusion coefficients, we st
with the hydrodynamic description of the colloid. We choo
as our hydrodynamic variables the orientation density
the translational and rotational fluxes@JT(q,t) and JR(q,t),
respectively#, which are related, in the simplest possible wa
through the continuity equation

]Q~q,t !

]t
52“T•JT~q,t !2“R•JR~q,t !, ~7!

where“a represents the gradients in the Fourier and ang
space, witha5T,R, respectively. The derivation of a mod
for the fluxes is based on the fact that in a dense colloid
relaxations of both spatial and angular orientational flu
are very fast and only the orientation density is important
the time scale of interest@12#. At short times, the orienta
tional fluxes are driven by their corresponding gradient in
orientation density of the colloid. For small gradients in t
orientation density, the orientational fluxes are linear fu
tions of these gradients, which can thus formally be writ
as

Ja~q,t !52E dt8Da~q,t2t8!“a•Q~q,t8!, ~8!

where the integral kernelDa(q,t) will be referred to simply
as the ‘‘orientational diffusion coefficient,’’ translational an
rotational, which are functions of the orientation density. U
ing the nonlocal expression for the fluxes, Eq.~8!, the
Laplace transform of Eq.~7! and the definition of the dy-
namic orientational structure factor, we obtain

F~q,z!5@z1GT~q!1GR~q!#21F~q!, ~9!

whereF(q) is the static orientational structure factor, whic
was performed in paper I, and the quantitiesGa(q) are the
initial slope ofF(q,t),

Ga~q!5¹a
2 Ha~q!

F~q!
. ~10!

We call the orientational hydrodynamic functions to t
quantities,Ha(q), which are essentially determined by th
HI, via the microscopic diffusion tensors. It is also importa
to stress here thatHa(q) are an ensamble average so th
they also depend on the equilibrium distribution. The imp
tance of the orientational hydrodynamic functions can be
perimentally checked, since the initial slope and the st
orientational structure factor can be probed in a depolari
light scattering experiment.

The orientational hydrodynamic functions versusqs are
given by
03140
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Ha~qs!5Da
s,short~qs!1Ha

d~qs!, ~11!

whereDa
s,short(qs) are the short-time self-orientational di

fusion coefficients; the dimensionless translational one
given by

DT
s,short~qs!

DT
0 511

f

A5p3E1

`

dxx2g~220;x!@3a1~x!1a2~x!#

1
f

30
A 5

14p3E
1

`

dxx2g~222;x!a2~x!ST~qs!,

~12!

and the dimensionless rotational coefficient by

DR
s,short

DR
0 511

f

A5p3E1

`

dxx2g~220;x!@3b1~x!1b2~x!#

1
11f

10
A 5

14p3E
1

`

dxx2g~222;x!b2~x!, ~13!

wheref5(p/6)rs3, r is the bulk density, and the func
tions al(x), bl(x), andST(x), with l 51 and 2, are given in
the Appendix. We must note that the short-time translatio
self-diffusion coefficient depends onns through the function
ST(qs) @see Eq.~9! in paper I#, while the rotational coeffi-
cient is independent ofns . The distinct parts of the orienta
tional hydrodynamic functions are also provided; the dime
sionless translational one is given by

HT
d~qs!

DT
0 5

3

8

f

Ap3 H 3H1
T~qs!14H2

T~qs!1F3

2
H3

T~qs!

12H4
T~qs!GS1~qs!2@3H5

T~qs!

14H6
T~qs!#S2~qs!J , ~14!

and the dimensionless rotational function by

HR
d~qs!

DR
0 5

3

2

f

Ap3 H H1
R~qs!1H2

R~qs!1
1

2
@H3

R~qs!

1H4
R~qs!#S1~qs!1@H5

R~qs!

1H6
R~qs!#S2~qs!J , ~15!

where the functionsHl
a(qs) with l 51, . . . ,6, aregiven in

terms of the projections of the angle-dependent pair corr
tion functions, as well as HI. As in the case ofF(q,0) the
projections are onlyg(22m;r ) with m50, 2, and 4. The
functionsSj (qs), with j 51,2, Hb

a(qs), with a5T,R and
b51, . . . ,6 aregiven in the Appendix.

The short-time collective orientational diffusion coeffi
cients are given by
2-3
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Da
c,short~qs!

Da
0

5
Da

s,short~qs!

Da
0F~qs!

1
Ha

d~qs!

Da
0F~qs!

, ~16!

wherea5T andR, correspond to the translational and rot
tional coefficients, respectively.

In summary, our results provide expressions, as functi
of q, for the short-time self-orientational and collective o
entational diffusion coefficients as well as for the orien
tional hydrodynamic functions. The advantage of these qu
tities is that they can be probed in a depolarized lig
scattering experiment. The next step is to compute the in
g(22l ;r ), since a linearized equilibrium theory is unable
calculate them; in the following section we provide and d
cuss the RHNC approach, which we use for obtaining th
projections.

III. MODEL SYSTEM AND RHNC STRUCTURE

The model consists of hard spheres, in a carrier solut
with an embedded point dipole of strengthm at their center,
where the dimensionless dipolar strength is defined asm* 2

51/T* , T* 5kBTs3/m2, andkBT is the thermal energy. The
pair potential for molecules 1 and 2, with coordinat
(r1 ,V1) and (r2 ,V2), is given by

u~1,2!5uHS~r !1uDD~r ,V1 ,V2!, ~17!

where r 5ur u5ur22r1u, uHS(r ) is the usual hard-spher
potential and the dipolar potential is written as

uDD~r ,V1 ,V2!5
m2

r 3 @ û1•û223~ û1• r̂ !~ û2• r̂ !#. ~18!

For simplicity we use the notation (1,2)[(r ,V1 ,V2). The
structural information of the dipolar colloid is contained
the total and direct correlation functionsh(1,2) andc(1,2).
On a homogeneous isotropic phase, these correlation f
tions are calculated by solving the Ornstein-Zernike equa

h~1,2!5c~1,2!1
r

4pE d3h~1,3!c~3,2!, ~19!

combined with the exact relation betweenu(1,2),
h(1,2), c(1,2), and the bridge functionB(1,2),

11h~1,2!5exp@2bu~1,2!1h~1,2!2c~1,2!1B~1,2!#.
~20!

In this work we use the RHNC approach@8,17#, where
B(1,2) is approximated by the Verlet-Weiss expression of
underlying hard-sphere fluid. The solution of Eq.~19! is
given in terms of projections of the angular-dependent p
correlation functiong(r ,V1 ,V2)5h(r ,V1 ,V2)11, which
are the coefficients of an expansion on a spherical invar
basis. Two different expansions are widely used depend
on the choice of the reference frame@15#; we just use the
laboratory one, which is given by
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(
m1m2m

g~ l 1l 2l ;r !C~ l 1l 2l ;m1m2m!

3Yl 1m1
~V1!Yl 2m2

~V2!Ylm* ~V r !, ~21!

whereC( l 1l 2l ;m1m2m) are the Clebsch-Gordan coefficient
g( l 1l 2l ;r ) are the projections of the pair distribution fun
tions, V r represents the polar angles, which determines
direction of r , andYlm(V) is the spherical harmonic.

IV. ORIENTATIONAL HYDRODYNAMIC FUNCTIONS

The orientational hydrodynamic functions contain t
configuration-averaged effect of the HI on the short-time d
namics of the dipolar colloid. In case of vanishing H
Ha(qs)5Da

0 . To describe the complete behavior of the o
entational hydrodynamic functions, we have investigated
ferent regimes off at increasingm* 2, as functions of the
wave vector (q5” 0). We have defined five regimes and w
have chosen a representative value off for each. The fol-
lowing increasing-dipole-strength regimes are consider
~1! the very low with f50.005 24; ~2! the low with f
50.1 ~chainlike regime!; ~3! the intermediate withf50.2
~mixed chainlike and ferroelectric regime!; ~4! the high with
f50.35 ~ferroelectric regime!; and ~5! the very high with
f50.45 ~ferroelectric regime!. We have paid special atten
tion to the very low regime, since it is the window in whic
the depolarized light scattering experiments can be p
formed, and in paper I an unexpected behavior was foun

In Fig. 1, we have plotted the translational orientation
hydrodynamic function versusqs for each volume fraction
and a value of the dipolar strength. Them* 2 chosen, for each
f, corresponds to the closest value to where the RHNC
to have a solution. These values have already been obta
by Klapp and Fortsmann@8#, except for the very low regime
They show that by increasingm, from very high to low, the
dipolar colloid reaches the instability line, which can be co
sidered as the stability limit of the homogeneous isotro
phase. However, it is important to stress here that the RH
predictions overestimate the temperatures when comp
with the computer simulation values. From Fig. 1, w

FIG. 1. Translational orientational hydrodynamic function as
function of qs, for the values off and the corresponding highes
values ofm* 2 indicated in the figure.
2-4
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observe that the main peak is a minimum. In the inset, it
be seen that the depth of the minimum increases withf until
f50.35, while forf50.45 the depth does not increase, b
decreases. In Fig. 2 we have plotted the rotational orie
tional hydrodynamic function versusqs, for eachf and
m* 2 of the regimes defined. Contrary to the translatio
function, here the main peak is a maximum. We observe
the height of the peak increases from the very low to
intermediate, while for high and very high regimes the pe
decreases, as can be seen in the inset.

This different dynamical structural information requires
detailed study, which will not be given here. Neverthele
we can say that this dynamical structural information co
be related to the presence of different phases. Conseque
the orientational hydrodynamic functions present a differ
behavior for dilute and dense dipolar colloids, in agreem
with previous results@6,8#. The precise value at which th
dipolar colloid changes its behavior occurs for the trans
tional function inf50.338 and for the rotational one inf
50.275. These values were obtained at increments ofDf
50.0125. We have analyzed for other values off, but no
different behavior was found. Comparing Figs. 1 and 2,
can observe that at very largeq the translational function
goes to 1 for all concentrations, while the rotational functi
goes to different values, depending on the concentration

We can conclude that the HI produces a different beha
for dilute and dense dipolar colloids, in both orientation
hydrodynamic functions. Nevertheless, we must note that
change in the translational and rotational behavior occur
different concentrations. The translational response of the
polar colloid requires a higher concentration to change
tendency than the rotational.

We focus our attention on the very low regime, since it
the window in which the experiments, using depolariz
light scattering, can be performed; and according to pape
in this regime the dipolar colloid exhibits an unexpected
havior. In order to analyze this regime, we have also plot
the orientational hydrodynamic functions for eight conce
trations, from f50.002 62 to 0.0875. Unfortunately w
could not observe any change, that is, the depth of the m
mum and the height of the maximum always increase asf is

FIG. 2. Rotational orientational hydrodynamic function as
function of qs, for the values off and the corresponding highe
values ofm* 2 indicated in the figure.
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increased. We have considered it unnecessary to show t

V. SHORT-TIME ORIENTATIONAL DIFFUSION

In this section, we describe the behavior of the short-ti
collective orientational and self-orientational diffusion coe
ficients as functions ofqs5” 0. For the self-orientationa
case, we only consider the translational coefficient, since
rotational is independent ofqs. In order to analyze the short
time orientational diffusion coefficients, we have also co
sidered the five regimes defined in the preceding section
Fig. 3, we have plotted the translational short-time collect
orientational diffusion coefficient, as function ofqs, for
eachf andm* 2. In this figure, we observe that for very larg
qs the coefficient goes to;1. The height of the main maxi
mum increases withf until f50.2 and then the peak de
creases asf is increased, as it can be seen in the inset. In
next plot, Fig. 4, we have now plotted the rotational sho
time collective orientational diffusion coefficient, as a fun

FIG. 3. Translational short-time collective orientational diff
sion vsqs for different volume fractions and their correspondin
highest value of dipolar strength, as indicated in the figure.

FIG. 4. Rotational short-time collective orientational diffusio
versusqs for different volume fractions and their correspondin
highest value of dipolar strength, as indicated in the figure.
2-5
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tion of qs, for eachf andm* 2. This coefficient presents th
same behavior of the translational coefficient. The m
maximum also increases untilf50.2. The precise value in
f in which the peak increases is for the translational u
f50.2125 and for the rotational untilf50.275. As in the
case of the orientational hydrodynamic functions, these
ues were found at increments ofDf50.0125. From the re-
sults ~Figs. 3 and 4!, due to the HI, it is observed that th
peak of the rotational coefficient is more enhanced than
translational.

We have also plotted the translational short-time s
orientational diffusion coefficient as a function ofqs. It is
almost constant withqs, the effect of HI is longer for dense
dipolar colloids, and it is never longer thanDT

0 . We have
considered it unnecessary to show here.

The short-time orientational diffusion coefficients we
also studied in the very low regime. But nothing is learn
from them, so we have also considered it unnecessar
show them. From the results given in the preceding sec
and in this section, we can observe that the orientatio
hydrodynamic functions as well as the short-time orien
tional diffusion coefficients are very sensible at very sm
qs. In the following section we focus our study on analyzi
this observed feature.

VI. TRANSLATIONAL AND ROTATIONAL ORDER

According to paper I, theqs→0 limit becomes the ori-
entation density in the ordering tensor. Consequently, in
section the dynamical properties of a dipolar colloid are d
cussed taking only into account the orientations of the m
roparticles. It is important to mention that the positional
formation of the macroparticles is also given through
angular-dependent pair correlation function. We focus
attention on the collective orientational behavior in the o
entational hydrodynamic functions and the short-time ori
tational diffusion coefficients. To carry out this study, w
have also considered the five regimes inf defined in Sec. IV.
We pay special attention to the very low regime, since
shows an unexpected behavior@6#. In the first subsection, we
interpretate theq→0 limit of Ha(qs50). We also describe
the behavior ofHa(qs50) as a function off andm of the
macroparticles. In the second subsection, the descriptio
the short-time orientational diffusion coefficients atqs50 is
given, as a function off andm* 2.

A. Ordering coefficients

The generalized velocity of colloidal material is propo
tional to the total generalized force, that is,

S vT~q,t !

vR~q,t ! D 5S MTT@Q~q,t !#

MRT@Q~q,t !#

MTR@Q~q,t !#

MRR@Q~q,t !#
D

3S “T ln@Q~q,t !#
dP@Q~q,t !#

dQ~q,t !

“R•Q~q,t !
D , ~22!

where Mab@Q(q,t)# are the mobility functions and
P@Q(q,t)# is the osmotic pressure@2#. Thus, in theq→0
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limit the generalized velocities, translational and rotation
will be only given by the angular gradient ofQ. We define
the ‘‘ordering velocities’’ as

va~ t !5Maa~q50,t !“R•Q~q50,t !. ~23!

Therefore, if we interpret as an external ordering field
the angular gradient ofQ, then ordering will be the phenom
enon that dipolar colloidal particles attain certain orderi
velocities, translational as well as rotational, under the ac
of this external ordering field. The ordering coefficients a
the ratio of the ordering velocities, of a dipolar macropartic
in the colloid, to their values at infinity dilution. These coe
ficients evidently depend onf andm of the dipolar colloid,
so that a measurement may be used for its characteriza

In order to calculate the ordering coefficients, we assu
very weak inhomogeneities, i.e., the orientational fluxes
given by Fick’s law, so Eq.~8! has the simplest form

Ja~q,t !52D
“a
“a•Q~q,t !, ~24!

whereD
“a

is the gradient orientational diffusion, which de
scribes the transport of colloidal particles in an orientat
density with a constant gradient. For very small wave vect
~large wavelengths!, the short-time collective orientationa
diffusion coefficients are equal to the corresponding grad
orientational diffusion coefficients,

D
“a

5 limq→0Da
c,short@Q~q,t !#. ~25!

We consider a ‘‘Gedanken experiment’’ in which we a
sume a state in which the gradients in orientation den
compensate for an ordering external fieldEQ . To counterbal-
ance the orientational diffusion fluxes, Eq.~24!, with the
corresponding fluxes driven by the ordering external fie
given by

JQa
~q,t !5Maa@Q~q!#Q~q,t !EQa

~q!, ~26!

the ‘‘ordering mobilities’’ Maa@Q(q)# must be proportional
to the corresponding gradient orientational diffusion coe
cients. As a consequence of this, the orientational hydro
namic functions will be proportional to the correspondi
ordering mobilities atq50. Therefore, we obtain for the
short-time regime the ordering velocities

vorda

vorda

0 5
Haa~qs50!

Da
0 , ~27!

wherevorda

0 is the ordering velocity for an isolated particle

the same solvent.
From Eqs.~14! and ~15! , the q→0 limit is, for the di-

mensionless translational ordering coefficient,
2-6
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HT~qs50!

DT
0

5
DT

s,short~qs50!

DT
0

1
f

A5p2 H 3

2E1

`

dxxg~220;x!

2
3

4

1

A14
E

1

`

dxxg~222;x!1E
1

`

dxx2@Ac
T~x!

12Bc
T~x!#g~220;x!2

2

A14
E

1

`

dxx2@Ac
T~x!

2Bc
T~x!#g~222;x!J , ~28!

and for the dimensionless rotational coefficient,

HR~qs50!

DR
0

5
DR

s,short

DR
0

1
f

A5p2 H 6E
1

`

dxx2@Ac
R~x!

12Bc
R~x!#g~220;x!23A2

7E1

`

dxx2@Ac
R~x!

2Bc
R~x!#g~222;x!J , ~29!

whereAc
T , Bc

T , Ac
R , andBc

R are the cross-mobility functions
which are given in the Appendix.

In Figs. 5 and 6, we show the ordering coefficients, a
function of f, for the isotherm T* 50.286 @5(m* 2

53.5)21#. Each value off, the highest and the lowest, co
responds to the closest point in which the RHNC fail to ha
a solution. We have chosen this isotherm since it has
points on the instability line@6,8#, for the low and high value
of f. These figures show that, for intermediate values off,
the ordering coefficients present a monotonic behavior
functions of the concentration. The translational coeffici
increases while the rotational one decreases. That is, if
concentration is increased the translational ordering velo
becomes greater while the rotational one decreases, as a

FIG. 5. Translational ordering coefficient as a function off for
the isotherm indicated in the figure.
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sequence of HI and of the dipolar interaction. From Figs
and 6, we observe that when the dipolar colloid evolves i
the instability line, it presents a different behavior for dilu
and dense states. For the latter, the slope of the coeffici
increases dramatically near of the instability line, while f
dilute the slope reverses its sign and suffers a fast enla
ment. The only difference, near the instability line, is that t
translational coefficient enlarges while the rotational reduc
This behavior indicates that the translational ordering vel
ity enlarges, while the rotational one reduces, near the in
bility line.

The physical picture is, if the dipolar colloid evolves in
the instability line, then the loss of rotational ordering velo
ity resulting from the tendency to align is offset by the ga
in translational ordering velocity. It is important to mentio
that a similar behavior has been seen by Onsager in rods
showed that as the concentration is increased, the rods;
to align along a preferred direction, so in this nematic ph
the loss of rotational entropy resulting from the aligment
offset by the gain in translational entropy@18#. In conclusion,
we see that the behavior of the ordering coefficients, near
instability line, could be due to the presence of an orien
tionally ordered phase. This result is expected, because
are analyzing the response of a dipolar colloid to its orien
tional behavior, and this shows the tendency to lose its
entational symmetry. Thus, the ordering coefficients could
very important near an orientationally ordered phase.

In the next plots we show the ordering coefficients, a
function of m* 2, for eachf of the regimes previously de
fined. For each plot, the maximun value ofm* 2 corresponds
to the closest point in which the RHNC fail to have a so
tion. In Fig. 7 we have plotted the translational orderi
coefficient, while in the Fig. 8 that corresponding to the r
tational ordering is plotted. In both figures, we observe th
for intermediate values ofm* 2, the ordering coefficients
present the monotonic behavior discussed, which means
the dipolar colloid is far away from the instability line
While, for high values ofm* 2, we observe that fromf
50.45 to 0.1, the ordering coefficients present the beha
previously discussed in Figs. 5 and 6. Consequently the
polar colloid approaches the stability limit of the homog
neous isotropic phase@6,8#. For f50.1, near the instability

FIG. 6. Rotational ordering coefficient as a function off for th
isotherm indicated in the figure.
2-7
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line, we observe that the ordering coefficients enlarge s
denly their slope. This indicates that in the low regime t
transition from the disordered to the ordered phase is obt
able in a progressive and continuous way, but near the in
bility line, a very rapid increment for the rotational is ob
served while for the translational a very rapid reduction
observed. A different behavior presents the very low regi
(f50.00524). The ordering coefficients first present th
slope observed as if the dipolar colloid evolved the insta
ity line, but near this line they suddenly invert and enlar
their slope. This unexpected behavior is in agreement w
the results found for static properties in paper I. As can
seen in the inset of Figs. 5 and 6, the very low regime
characterized by a too small increment in its rotational ord
ing velocity, while the translational one presents a very sm
reduction.

We focus our attention on the very low regime, in order
analyze the characteristics observed. We have plotted
Figs. 9 and 10, the ordering coefficients as a function ofm* 2

for high values, fromf50.002 62 to 0.0875 with increment
of Df50.0125. The results show that there are three su

FIG. 7. Translational ordering coefficients as functions ofm* 2

for the representative values in concentration for the five regim

FIG. 8. Rotational ordering coefficients as functions ofm* 2 for
the representative values in concentration for the five regimes.
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gimes. In the first subregime forf higher than 0.0524, the
dipolar colloid evolves into the instability line. For the se
ond subregime for concentrations betweenf50.0209 and
0.0524, the dipolar colloid presents a suspicious behavio
the translational ordering resembles the behavior of an
dered phase, while the rotational ordering resembles a
ordered phase. In the third subregime for concentrati
lower thanf50.0209, the dipolar colloid does not evolv
into an orientationally ordered phase. The rotational order
needs more concentration than the translational orderin
evolve into an orientationally ordered phase. For the th
subregime, the ordering coefficients as a function ofm* 2

first presents a slope as if the dipolar colloid evolved into
instability line, but near the transition, they suddenly inv
and enlarge their slope. Thus, we see that the results pre
that the phase reached in the third subregime may be a r
trant phase, which is characterized by a no global orien
tional order, in agreement with the prediction in paper I.

B. Short-time orientational diffusion

In this subsection, we describe the short-time orientatio
diffusion of a dipolar colloid, taking into account only th
ordering tensor fluctuations. From Eq.~16!, in the very small
wave vector limit, the short-time self-orientational and co
lective orientational diffusion coefficients can be obtained,

.

FIG. 9. Translational ordering coefficients as functions ofm* 2

for the different concentrations as indicated in the figure.

FIG. 10. Rotational ordering coefficients as functions ofm* 2 for
the different concentrations as indicated in the figure.
2-8
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functions off and m* 2. As in the case of the ordering co
efficients, we begin by analyzing the behavior of the collo
via the short-time orientational diffusion, for when it evolv
into the instability line. We again consider the isothermT*
50.286@5(m* 253.5)21#, which has two points on the in
stability line.

In Figs. 11 and 12, we have plotted the translational a
rotational short-time, self-orientational and collective orie
tational diffusion coefficients respectively. From these fi
ures, we can observe that, for intermediate values off, the
four coefficients reduce monotonically as functions off.
The HI effect is more pronounced for collective than f
self-diffusion. In both short-time, self-orientational and co
lective orientational diffusion, the rotational is more su
pressed than the translational. This behavior is already
pected, since it is a consequence of the combined effec
the HI and the dipolar interaction. From Figs. 11 and 12,
can also observe that all the coefficients present a diffe
behavior for dilute and dense concentrations near the in
bility line. For the latter, when the dipolar colloid evolve
into the instability line, the slope of the coefficients enlarg
very fast. For dilute, the situation, observed near the in
bility line, is that the slope inverts its sign and enlarges,
can be seen in the inset of each figure. Consequently, al

FIG. 11. Short-time self-orientational diffusion as a function
f for the isotherm indicated in the figure atq50. Translational and
rotational.

FIG. 12. Short-time collective orientational diffusion as functi
of f for the isotherm indicated in the figure atq50. Translational
and rotational.
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coefficients reduce when the dipolar colloid approaches
instability line. In both figures~11 and 12!, the rotational
coefficients are more suppressed than the translational o
specially near the instability line. Thus, near an orientatio
ally ordered phase~instability line! a dipolar colloid is more
restricted to diffuse rotationally than translationally.

Proceeding with the analysis, we study the short-time o
entational diffusion coefficients in the five regimes defined
the Sec. IV. In Figs. 13–16, we have plotted the short-ti
orientational diffusion coefficients, as functions ofm* 2, for
each regime. The maximun value ofm* 2, for each, is the
closest point at which the RHNC fail to have a solution. As
indicated in each figure, they show the results for the tra
lational and rotational short-time, self-orientational, and c
lective orientational diffusion coefficients. From very high
low, we find that for intermediate values ofm* 2, all the
short-time orientational diffusion coefficients reduce mon
tonically as functions off. While, if the dipolar colloid ap-
proaches the instability line it enlarges its slope, as is
pected, according to the behavior presented near the in

FIG. 13. Translational short-time self-orientational diffusion
a function ofm* 2 for the representative values of each regime,
indicated in the figure atq50.

FIG. 14. Rotational short-time self-orientational diffusion as
function of m* 2 for the representative values of each regime,
indicated in the figure atq50.
2-9
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bility line. For the low regime, the plots show that for all th
coefficients its slope reduces, but near the instability line
reduction suddenly is larger; this behavior is also observe
the ordering coefficients. For the very low regime a differe
behavior is also observed in the Figs. 13–16. For each c
ficient its slope is first reduced withm* 2, but near the insta-
bility line it is invert and suffers a small enlargement. The
results are in agreement with that found for the order
coefficients and the results for static properties found in
per I.

We have analyzed for more concentrations in the very
regime fromf50.002 62 to 0.0875. As is observed in Fig
17–20, the results predict a similar behavior that descri
for the ordering coefficients. The precise values at which
coefficients will reach the instability line are: for the se
coefficient, translational until 0.005 24 and rotational un
0.0157, while for the collective, both until 0.0209. From t
results for the self-coefficients, we can say that the dipo
colloid needs more concentration for the translational co

FIG. 15. Translational short-time collective orientational diff
sion as a function ofm* 2 for the representative values of eac
regime, as indicated in the figure atq50.

FIG. 16. Rotational short-time collective orientational diffusio
as a function ofm* 2 for the representative values of each regime,
indicated in the figure atq50.
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ponent than for the rotational one, for evolving into an o
dered phase~instability line!. However, from the collective
coefficients, the concentration needed is the same for b
components, translational and rotational.

VII. CONCLUDING REMARKS

We have studied the short-time orientational diffusion a
the ordering phenomenon of a dipolar hard-spherical coll
in an homogeneous isotropic phase. The study was base
the time-dependent fluctuational effects of the dynamic o
entational structure factor, which is the self-correlation of t
orientation density, for short times. The time evolution of t
dynamic orientational structure factor is given by Smo
chowski’s equation, taking into account the HI and dipo
interactions. The former was considered assuming pairw
additivity. All the quantities were studied as functions of t
wave vector, for several values of the volume fraction a
the dipolar strength. The results are parametrized by cho
ing the refractive index of the scattering medium, such t
ks545/2. We have mainly focused our attention on the e
lution of a dipolar colloid as a function of the dipola
strength, in order to predict its dynamical pretransitional b
havior for different concentrations.

We have presented results for the translational and r
tional short-time, self-orientational, and collective orien

s

FIG. 17. Translational short-time self-orientational diffusion
a function ofm* 2 for the values indicated in a the figure atq50.

FIG. 18. Rotational short-time self-orientational diffusion as
function of m* 2 for the values indicated in the figure atq50.
2-10
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tional diffusion coefficients, as a function of the wave vect
We have divided the analysis into five regimes, from ve
low to very high concentrations. All the coefficients we
plotted as a function of the wave vector, for fixed values of
andm* 2. The latter was chosen as the closest point where
RHNC equations fail to have a solution. The results sh
that the dipolar colloid has a different behavior for dilute a
dense concentrations. For the same regimes, we have
studied the orientational hydrodynamic functions, as a fu
tion of the wave vector. The results also show that the dipo
colloid presents a different behavior for dilute and den
concentrations.

The study of the ordering phenomenon has been
formed via the ordering coefficients, which are proportion
to the ordering velocities, and the coefficients are the ori
tational hydrodynamic functions atq50. These ordering ve
locities cause the dipolar colloid to lose some positio
and/or orientational symmetries. Our results show that
dipolar colloid evolves into the instability line, the transl
tional ordering coefficient increases while the rotational o
reduces. The physical picture is that the loss of rotatio
ordering velocity resulting from the tendency to align is o
set by the gain in translational ordering velocity. Cons
quently, near the instability line, the rotational ordering c

FIG. 19. Translational short-time collective orientational diff
sion as a function ofm* 2 for the values indicated in the figure a
q50.

FIG. 20. Rotational short-time collective orientational diffusio
as a function ofm* 2 for the values indicated in the figure atq50.
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efficient decreases due to the loss of orientational symme
while the translational coefficient increases, compensa
the loss.

Related to the short-time self-orientational and collectiv
orientational diffusion coefficients atq50, translational as
well as rotational, coefficients reduce when a dipolar collo
approaches the instability line. The HI effect is more pr
nounced for collective than for self-orientational diffusio
Concerning the translational and rotational coefficients,
latter is more suppressed than the former. Consequently,
the instability line, the dipolar colloid is more restricted
being diffuse rotationally than translationally, due to t
alignment.

Our results predict the dynamical behavior at short tim
near the instability line, from very high to low concentr
tions. In the low regime, the approximation to the instabil
line is obtained in a progressive way, but near the line s
denly the dipolar colloid tends to align quickly. Our ma
prediction is that in the very low regime the dipolar collo
may have a reentrant phase. For concentrations lower
f50.0209, the dipolar colloid behaves as if it will evolv
into the instability line, but near the transition it changes
behavior, coming back to a phase with no global orien
tional order. These results are in agreement with the pre
tions for the static case, presented in paper I. The releva
of the results performed for the very low regime case is t
they can be measured in a depolarized light scattering exp
ment. A direct comparison with experiments is anticipated
order to test the validity of the conclusions given in th
paper.
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APPENDIX

We give the functions that appear in Eqs.~12! and ~13!:

a1~x!52
17

1024

1

x6 2
5

1024

1

x81
141

16384

1

x10
1O~x212!,

~A1!

a2~x!52
15

64

1

x4 2
105

1024

1

x6 1
373

8192

1

x8 2
1385

16384

1

x10

1O~x212!, ~A2!

ST~x!5113F122S x

30D
2G3

, ~A3!

b1~x!52F 15

256

1

x6 1
39

1024

1

x8 1
18

1024

1

x10
1

835

65536

1

x12

1O~x214!G , ~A4!
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b2~x!5
15

256

1

x6 1
27

1024

1

x81
12

1024

1

x10
1

675

65536

1

x12

1O~x212!. ~A5!

We give the functions that appear in Eqs.~14! and ~15!:

H1
T~y!52

1

2E1

`

dxxF2
1

A5
g~220;x!FG00~yx!

1
1

A14
g~222;x!FG20~yx!

1A 8

35
g~224;x!FG40~yx!G , ~A6!

H2
T~y!52E

1

`

dxx2H 2
1

A5
g~220;x!$Bc8~x!F00~yx!

1@Ac8~x!2Bc8~x!#G00~yx!%1
1

14
g~222;x!

3$Bc8~x!F20~yx!1@Ac8~x!2Bc8~x!#G20~yx!%

1A 8

35
g~224;x!$Bc8~x!F40~yx!1@Ac8~x!

2Bc8~x!#G40~yx!%J , ~A7!

H3
T~y!52

1

2E1

`

dxxF2A3

7
g~222;x!FG22~yx!

1
1

A7
g~224;x!FG42~yx!G , ~A8!

H4
T~y!52E

1

`

dxx2H 2
3

A7
g~222;x!$Bc8~x!FF22~yx!

1@Ac8~x!2Bc8~x!#GG22~yx!%1
2

A7
g~224;x!

3$Bc8~x!FF42~yx!1@Ac8~x!2Bc8~x!#GG42~yx!%J ,

~A9!

H5
T~y!52

1

2E1

`

dxxF2A3

7
g~222;x!FG22~yx!

1
2

A7
g~224;x!FG42~yx!G , ~A10!
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H6
T~y!52E

1

`

dxx2H 2
3

A7
g~222;x!$Bc8~x!FF22~yx!

1@Ac8~x!2Bc8~x!#GG22~yx!%1
2

A7
g~224;x!

3$Bc8~x!FF42~yx!1@Ac8~x!

2Bc8~x!#GG42~yx!%J , ~A11!

Ac8~x!52
1

8

1

x3 1
75

512

1

x71O~x29!, ~A12!

Bc8~x!5
1

16

1

x3 1O~x211!, ~A13!

H1
R~y!5E

1

`

dxx2Bc
R~x!F 6

A5
g~220;x!F00

R ~yx!

2
3

2
A2

7
g~222;x!F20

R ~yx!

18A 2

35
g~224;x!F40

R ~yx!G , ~A14!

H2
R~y!5E

1

`

dxx2@Ac
R~x!2Bc

R~x!#H g~220;x!F 5

2A5
H00

R ~yx!

1
1

A5
G00

R ~yx!G1g~222;x!F2
1

2
A2

7
H00

R ~yx!

2
1

A14
G20

R ~yx!1A3

7
FF22

R ~yx!

1
3

2
A3

7
GG21

R ~yx!G1g~224;x!F5A 2

35
H40

R ~yx!

22A 2

35
G40

R ~yx!1
3

2A7
FF42

R ~yx!

2A2

7
GG41

R ~yx!G J , ~A15!

H3
R~y!5E

1

`

dxx2Bc
R~x!F3A3

7
g~222;x!GG22

R ~yx!

1
8

A7
g~224;x!GG42

R ~yx!G , ~A16!
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H4
R~y!5E

1

`

dxx2@Ac
R~x!2Bc

R~x!#H g~222;x!

3F23A2

7
K20

R ~yx!12A3

7
KK22

R ~yx!

2A3

7
LL22

R ~yx!13A3

7
LL21

R ~yx!G1g~224;x!

3F9A 2

35
K40

R ~yx!1GG44
R ~yx!1

3

A7
KK42

R ~yx!

1A2

7
LL42

R ~yx!13A2

7
LL41

R ~yx!

1
2

A2
LL43

R ~yx!G J , ~A17!

H5
R~y!52E

1

`

dxx2Bc
R~x!F3A3

7
g~222;x!GG22

R ~yx!

1
8

A7
g~224;x!GG42

R ~yx!G , ~A18!
. E

n
.

s.

03140
H6
R~y!52E

1

`

dxx2@Ac
R~x!2Bc

R~x!#H g~222;x!

3F2A3

7
KK22

R ~yx!2A3

7
LL22

R ~yx!

2A3

7
LL21

R ~yx!G1g~224;x!FGG44
R ~yx!

1
3

A7
KK42

R ~yx!1A2

7
LL42

R ~yx!13A2

7
LL41

R ~yx!

1
2

A2
LL43

R ~yx!G J , ~A19!

Ac
R~x!5

1

8

1

x3 1O~x213!, ~A20!

Bc
R~x!52

1

16

1

x3 1O~x29!. ~A21!

We do not give the explicit expressions for the undefin
functions in the last equations, those that appear in the
entational hydrodynamic functions, because nothing
learned from them. They are provided from the authors
request.
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